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QFT

• Relativistic QM: cannot describe changing # of particles, 
problems with -ve energies, -ve probabilities, causality,…   
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• QFT: Started with scalar field, followed canonical quantisation   

• Free field corresponds to an      number of harmonic oscillators: 
Quantum field expansion in terms of creation & annihilation ops    
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• Constructed complete set of eigenstates of the (free theory) 
Hamiltonian:  n-particle states

• Creation and annihilation of particles/antiparticles needed to 
resolve the problems found in RQM 

• Interacting Theory

Recap: The story so far



QFT Recap: Interacting Theory
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• Particles briefly interact. Probability of going from      to 
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the interaction picture and follow the evolution of the state: |ψ(t)⟩ = U(t, t0) |ψ(t0)⟩,
where U(t, t0) is given by Dyson’s formula (3.20) which is an expansion in powers of

Hint. But Hint contains creation and annihilation operators for each type of particle.
In particular,

• φ ∼ a + a†: This operator can create or destroy φ particles. Let’s call them

mesons.

• ψ ∼ b + c†: This operator can destroy ψ particles through b, and create anti-
particles through c†. Let’s call these particles nucleons. Of course, in reality

nucleons are spin 1/2 particles, and don’t arise from the quantization of a scalar
field. But we’ll treat our scalar Yukawa theory as a toy model for nucleons

interacting with mesons.

• ψ† ∼ b† + c: This operator can create nucleons through b†, and destroy anti-
nucleons through c.

Importantly, Q = Nc − Nb remains conserved in the presence of Hint. At first order in
perturbation theory, we find terms in Hint like c†b†a. This kills a meson, producing a

nucleon-anti-nucleon pair. It will contribute to meson decay φ→ ψψ̄.

At second order in perturbation theory, we’ll have more complicated terms in (Hint)2,

for example (c†b†a)(cba†). This term will give contributions to scattering processes
ψψ̄ → φ → ψψ̄. The rest of this section is devoted to computing the quantum ampli-

tudes for these processes to occur.

To calculate amplitudes we make an important, and slightly dodgy, assumption:

Initial and final states are eigenstates of the free theory

This means that we take the initial state |i⟩ at t → −∞, and the final state |f⟩ at
t → +∞, to be eigenstates of the free Hamiltonian H0. At some level, this sounds

plausible: at t → −∞, the particles in a scattering process are far separated and don’t
feel the effects of each other. Furthermore, we intuitively expect these states to be

eigenstates of the individual number operators N , which commute with H0, but not
Hint. As the particles approach each other, they interact briefly, before departing again,

each going on its own merry way. The amplitude to go from |i⟩ to |f⟩ is

lim
t±→±∞

⟨f |U(t+, t−) |i⟩ ≡ ⟨f |S |i⟩ (3.26)

where the unitary operator S is known as the S-matrix. (S is for scattering). There

are a number of reasons why the assumption of non-interacting initial and final states
is shaky:
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• At general order need to compute  hf |T {HI(x1) . . . HI(xn)} |ii

• Wick’s theorem: trades time ordering for normal ordering 
introducing Feynman propagator factors

• Perturbation theory has diagrammatic representation in terms 
of Feynman diagrams

• Only considered tree level diagrams — no integrals over 
momenta running in loops



QFT Higher Order Terms

• Higher order terms can easily be considered, e.g.
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p1 p2

q2q1

O(g4)

However, such diagrams involving loop momenta are 
often divergent             Renormalisation (not covered in 
this course) 



QFT Connected and Amputated Diagrams

We have assumed that the initial and final states are eigenstates 
of the free theory Hamiltonian. This is not quite true! However, it 
can be dealt with as follows: 
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• We do not consider diagrams with loops on external lines, for example the diagram
shown in the Figure 18. We will not explain how to take these into account in this

course, but you will discuss them next term. They are related to the fact that the
one-particle states of the free theory are not the same as the one-particle states of
the interacting theory. In particular, correctly dealing with these diagrams will

account for the fact that particles in interacting quantum field theories are never
alone, but surrounded by a cloud of virtual particles. We will refer to diagrams

in which all loops on external legs have been cut-off as “amputated”.

Figure 17: A disconnected diagram. Figure 18: An un-amputated diagram

3.6 What We Measure: Cross Sections and Decay Rates

So far we’ve learnt to compute the quantum amplitudes for particles decaying or scat-
tering. As usual in quantum theory, the probabilities for things to happen are the

(modulus) square of the quantum amplitudes. In this section we will compute these
probabilities, known as decay rates and cross sections. One small subtlety here is that
the S-matrix elements ⟨f |S − 1 |i⟩ all come with a factor of (2π)4δ(4)(pF − pI), so we

end up with the square of a delta-function. As we will now see, this comes from the
fact that we’re working in an infinite space.

3.6.1 Fermi’s Golden Rule

Let’s start with something familiar and recall how to derive Fermi’s golden rule from
Dyson’s formula. For two energy eigenstates |m⟩ and |n⟩, with Em ≠ En, we have to

leading order in the interaction,

⟨m|U(t) |n⟩ = −i ⟨m|
∫ t

0

dt HI(t) |n⟩

= −i ⟨m|Hint |n⟩
∫ t

0

dt′ eiωt′

= −⟨m|Hint |n⟩
eiωt − 1

ω
(3.77)
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• We do not consider diagrams with loops on external lines, for example the diagram
shown in the Figure 18. We will not explain how to take these into account in this
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• We consider only connected diagrams, 
where every part is connected to external 
leg. Related to the fact that the true 
vacuum of the interacting theory is not the 
same as that of free theory

• Do not consider diagrams with loops on 
external legs. Related to the fact that one-
particle states of the interacting theory are 
not the same as those of the free theory



QFT
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Spinors

Rest of today’s lecture,  
Spinors: 

• Lorentz Group 
• Spinor Representation 
• Dirac Spinor 
• Chiral Spinors



• Scalar fields give rise to spin-0 particles  
• To describe particles with spin (i.e. they have some 

intrinsic angular momentum) look at fields which have 
non-trivial transformations under the Lorentz group 

• E.g. a vector field                                    . This gives rise 
to spin-1 particles 

QFT

• Under a Lorentz transformation                               these 
transform as                                    . The         is because 
we are doing an active transformation 

�(x) ! �0(x) = �(⇤�1x) ⇤�1
xµ ! (x0)µ = ⇤µ

⌫x
⌫

Aµ(x) ! ⇤µ
⌫ A

⌫(⇤�1x)

• So far we have only considered scalar fields
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Lorentz Group



QFT

• Here              is a matrix which depends on the Lorentz 
transformation (LT) we are considering. It is a 
representation of the Lorentz group 

• It has the same properties as the Lorentz group, i.e.

Lorentz Group

�a(x) ! D[⇤]ba �
b(⇤�1x)

D[⇤]ba

D[⇤1]D[⇤2] = D[⇤1⇤2] D[⇤�1] = D[⇤]�1

• In general a field can transform as 
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• Want to find all possible representations such that these 
properties are true

• Look at infinitesimal transformations and study Lie 
Algebra



QFT

•          label which matrix,         the row/column of each 
matrix 

⇤µ
�⌘

�⌧⇤⌫
⌧ = ⌘µ⌫

✏ wµ⌫ + w⌫µ = 0

µ, ⌫

(M⇢�)µ⌫ = ⌘⇢µ⌘�⌫ � ⌘�µ⌘⇢⌫

Lorentz Group

• Consider transformation
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⇤µ
⌫ = �µ⌫ + ✏wµ

⌫

• Using definition of LT

• For terms linear in     then 

• For infinitesimal LT the matrix needs to be anti-
symmetric. This has 6 degrees of freedom, 
corresponding to the 6 transformations of the Lorentz 
group 

• Introduce basis of 6 anti-symmetric 4x4 matrices

⇢,�



QFT Lorentz Group

• Lower one index (M⇢�)µ⌫ = ⌘⇢µ��⌫ � ⌘�µ�⇢⌫
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• Matrices are now no-longer antisymmetric on  
• Infinitesimal boosts:

µ, ⌫

Lecture equations

Adam Moss
(Dated: February 28, 2012)

Ĥ =
1

8

∫

d3x d3k d3q

(2π)6E(k)E(q)
× (1)

E(k)E(q)
[

−(â†(k)eik·x − â(k)e−ik·x)(â†(q)eiq·x − â(q)e−iq·x)
]

(2)
[

(−ik â†(k)eik·x + ik â(k)e−ik·x)(−iq â†(q)eiq·x + iq â(q)e−iq·x)
]

(3)

m2
[

(â†(k)eik·x + â(k)e−ik·x)(â†(q)eiq·x + â(q)e−iq·x)
]

(4)

Ĥ =
1

8

∫

d3k

(2π)3E(k)2
× (5)

[

(−E(k)2 + k2 +m2)(â†(k)â†(−k)e2iE(k)t + â(k)â(−k)e−2iE(k)t)
]

(6)
[

(E(k)2 + k2 +m2)(â†(k)â(k) + â(k)â†(k))
]

(7)

Ĥ =
1

4

∫

d3k

(2π)3
(â†(k)â(k) + â(k)â†(k)) (8)

T φ̂(x)φ̂(y) =

{

φ̂(x)φ̂(y), if x0 > y0

φ̂(y)φ̂(x), if y0 > x0 (9)

T [φ1φ2φ3φ4] = : φ1φ2φ3φ4 : + (10)

∆F (x1 − x2) : φ3φ4 : +∆F (x1 − x3) : φ2φ4 : +∆F (x1 − x4) : φ2φ3 : + (11)

∆F (x2 − x3) : φ1φ4 : +∆F (x2 − x4) : φ1φ3 : +∆F (x3 − x4) : φ1φ2 : + (12)

∆F (x1 − x2)∆F (x3 − x4) +∆F (x1 − x3)∆F (x2 − x4) +∆F (x1 − x4)∆F (x2 − x3) (13)

(M01)µν =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 1 0 0

1 0 0 0

0 0 0 0

0 0 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(14)

(M02)µν =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 0 1 0

0 0 0 0

1 0 0 0

0 0 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(15)
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(M03)µν =

⎛

⎜

⎜

⎜
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⎜

⎝

0 0 0 1
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0 0 0 0

1 0 0 0
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• Infinitesimal rotations:

2
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QFT

⇤µ
⌫ = exp

✓
1

2
⌦⇢�(M⇢�)µ⌫

◆

[M⇢�,M⌧⌫ ] = ⌘�⌧M⇢⌫ � ⌘⇢⌧M�⌫ + ⌘⇢⌫M�⌧ � ⌘�⌫M⇢⌧

Lorentz Group

• Can write any infinitesimal LT in terms of this basis

!11

wµ
⌫ =

1

2
⌦⇢�(M⇢�)µ⌫

• Here        are six real numbers specifying the LT⌦⇢�

• Any finite LT can be written as 

• The six basis matrices (generators) obey the Lie algebra

• Here the row/column index is suppressed. This equation 
encapsulates the properties of the Lorentz group. We are 
interested in other matrices which satisfy this algebra



• Interested in finding other representations of the Lorentz 
group 

• The Clifford algebra is defined as 

QFT

{�µ, �⌫} = 2⌘µ⌫1
�µ

µ = 0, 1, 2, 3

(�0)2 = 1 (�i)2 = �1

�i

�µ�⌫ = ��⌫�µ ⌫ 6= µ

Spinor Representation
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•       with                       are a set of 4  matrices, so

• Simplest representation is 4x4 matrices 

2

(M03)µ⌫ =

0
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1 0 0 0

1
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1
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1

A (20)

�
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0
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i

��
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1

A (21)
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• Where        are the Pauli matrices 



• There is a “unique” (up to a similarity transformation) 
irreducible representation of the Clifford algebra.         
These      matrices define the chiral (or Weyl) rep        

QFT Spinor Representation

�µ

S⇢� =
1

4
[�⇢, ��] =

1

2
�⇢�� � 1

2
⌘⇢�

[S⇢�, S⌧⌫ ] = ⌘�⌧S⇢⌫ � ⌘⇢⌧S�⌫ + ⌘⇢⌫S�⌧ � ⌘�⌫S⇢⌧
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• Can show these form a representation of the Lorentz 
algebra such that 

�µ

• Consider the commutator of two 



QFT

• Particular LT specified by         - these are the same for 
both     and 

• Here                       labels the row/column of the         
matrices and 

↵ = 1, 2, 3, 4 Sµ⌫

⇤ = exp

✓
1

2
⌦⇢�M⇢�

◆
S[⇤] = exp

✓
1

2
⌦⇢�S

⇢�

◆

⌦⇢�

⇤ S[⇤]

 ↵(x) ! S[⇤]↵�  
�(⇤�1x)

Dirac Spinor 

• Introduce a Dirac spinor, a complex valued object with 4 
components which transforms as  

!14

• Lets look at           in the chiral representationS[⇤]



• This means that under        rotations                                
which is not what happens to a vector - different rep

QFT

• For rotations in the chiral representation           is unitary, 
i.e. 

⌦ij = �✏ijk'
k

' = (0, 0, 2⇡)

2⇡  ↵(x) ! � ↵(x)

S[⇤]
S[⇤]†S[⇤] = 1

Dirac Spinor 

• For rotations  
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2

(M03)µ⌫ =

0

BBBBBB@

0 0 0 1

0 0 0 0

0 0 0 0

1 0 0 0

1

CCCCCCA
(16)

(M12)µ⌫ =

0

BBBBBB@

0 0 0 0

0 0 �1 0

0 1 0 0

0 0 0 0

1

CCCCCCA
(17)

(M13)µ⌫ =

0

BBBBBB@

0 0 0 0

0 0 0 �1

0 0 0 0

0 1 0 0

1

CCCCCCA
(18)

(M23)µ⌫ =

0

BBBBBB@

0 0 0 0

0 0 0 0

0 0 0 �1

0 0 1 0

1

CCCCCCA
(19)

�
0 =

0

@ 0 1

1 0

1

A (20)

�
i =

0

@ 0 �
i

��
i 0

1

A (21)

S
ij =

1

4
[�i

, �
j ] = � i

2
✏
ijk

0

@ �
k 0

0 �
k

1

A (22)

• Writing rotation as                          

2

(M03)µ⌫ =

0

BBBBBB@

0 0 0 1

0 0 0 0

0 0 0 0

1 0 0 0

1

CCCCCCA
(16)

(M12)µ⌫ =

0

BBBBBB@

0 0 0 0

0 0 �1 0

0 1 0 0

0 0 0 0

1

CCCCCCA
(17)

(M13)µ⌫ =

0

BBBBBB@

0 0 0 0

0 0 0 �1

0 0 0 0

0 1 0 0

1

CCCCCCA
(18)

(M23)µ⌫ =

0

BBBBBB@

0 0 0 0

0 0 0 0

0 0 0 �1

0 0 1 0

1

CCCCCCA
(19)

�
0 =

0

@ 0 1

1 0

1

A (20)

�
i =

0

@ 0 �
i

��
i 0

1

A (21)

S
ij =

1

4
[�i

, �
j ] = � i

2
✏
ijk

0

@ �
k 0

0 �
k

1

A (22)

S[⇤] =

0

@ e
i'·�/2 0

0 e
i'·�/2

1

A (23)

• For a rotation of  

2

(M03)µ⌫ =

0

BBBBBB@

0 0 0 1

0 0 0 0

0 0 0 0

1 0 0 0

1

CCCCCCA
(16)

(M12)µ⌫ =

0

BBBBBB@

0 0 0 0

0 0 �1 0

0 1 0 0

0 0 0 0

1

CCCCCCA
(17)

(M13)µ⌫ =

0

BBBBBB@

0 0 0 0

0 0 0 �1

0 0 0 0

0 1 0 0

1

CCCCCCA
(18)

(M23)µ⌫ =

0

BBBBBB@

0 0 0 0

0 0 0 0

0 0 0 �1

0 0 1 0

1

CCCCCCA
(19)

�
0 =

0

@ 0 1

1 0

1

A (20)

�
i =

0

@ 0 �
i

��
i 0

1

A (21)

S
ij =

1

4
[�i

, �
j ] = � i

2
✏
ijk

0

@ �
k 0

0 �
k

1

A (22)

S[⇤] =

0

@ e
i⇡�3

0

0 e
i⇡�3

1

A = �1 (23)



QFT

⌦i0 = �i

S[⇤]†S[⇤] 6= 1

Dirac Spinor 

• For boosts  
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2

(M03)µ⌫ =

0

BBBBBB@

0 0 0 1

0 0 0 0

0 0 0 0

1 0 0 0

1

CCCCCCA
(16)

(M12)µ⌫ =

0

BBBBBB@

0 0 0 0

0 0 �1 0

0 1 0 0

0 0 0 0

1

CCCCCCA
(17)

(M13)µ⌫ =

0

BBBBBB@

0 0 0 0

0 0 0 �1

0 0 0 0

0 1 0 0

1

CCCCCCA
(18)

(M23)µ⌫ =

0

BBBBBB@

0 0 0 0

0 0 0 0

0 0 0 �1

0 0 1 0

1

CCCCCCA
(19)

�
0 =

0

@ 0 1

1 0

1

A (20)

�
i =

0

@ 0 �
i

��
i 0

1

A (21)

S
ij =

1

4
[�i

, �
j ] = � i

2
✏
ijk

0

@ �
k 0

0 �
k

1

A (22)

S[⇤] =

0

@ e
i⇡�3

0

0 e
i⇡�3

1

A = �1 (23)

S
0i =

1

4
[�0

, �
i] =

1

2

0

@ ��
i 0

0 �
i

1

A (24)

• Writing boost as                          

3

S[⇤] =

0

@ e
�·�/2 0

0 e
��·�/2

1

A (25)

• For boosts in the chiral representation           is not 
unitary, i.e. 

S[⇤]

• In general there are no finite dimensional unitary 
representations of the Lorentz group



• 2 component objects        are called Weyl spinors  

QFT

u±

u± ! u±e
i'·�/2

u± ! u±e
±'·�/2

Chiral Spinors

• The chiral representation of the Lorentz group is 
reducible. It decomposes into two irreducible 
representations 
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3

S[⇤] =

0

@ e
�·�/2 0

0 e
��·�/2

1

A (25)

 =

0

@ u+

u�

1

A (26)

• Under boosts 

• Under rotations 


